Function Approximation

CHEBESHEV POLYNOMIALS T(n,x) FOR n=1,2,3,and 4
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Administration

= Assignment 3 is out; due on April 23 midnight

= Chapter 3 Excises 30 (a)(b)(c)(d), 33, 48, 49,
69 (20% each)

= Extracredit (10%): App 8

= Mid-term exam: Apr 30
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Function Approximation

= How does a computer approximate cos(x), exp(x),
and other non-polynomial functions?

= Efficient and accurate approximation is desired
= Chebyshev polynomials

= Orthogonal polynomials
m Converge faster than a Taylor series

= Rational functions
= Ratio of two polynomials

m Fourier series
m Series of sine and cosine terms

= Can approximate periodic or discontinuous functions
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Truncation Error in Taylor Series

= Recall that Taylor series

f(x)= f(a)+ f'(a)(x—a)+ f"?(la) (x—a)? +---

=f(@)+--+ f(r:]l(a) (x—a)" + Fr2() (x—a)™*

(nN+1)!
= |f approximating afunction using first n terms

fmﬂ)(é) . n+1
(n+1)! (x-2)

Error =
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Chebyshev Polynomials

= Recursive definition
“n+1(X) — 2XTn(X) _Tn_l(X), TO(X) = 1, Tl(X) = X

T (X) _ 2X2 _ 1 CHEBESHEV POLYNOMIALS T(n,x) FOR n=1,2,3,and 4
2 - 1
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/

'
\ n=3

T,(X) = 4x° — 3x

T,(X) =8x*-8x*+1 Coé \

o

/
\_/
/\n=2

\
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Chebyshev Polynomials (cont.)

= Equivalent form
T_(X) = cos(n - acos(x)) X = c0S(0)

= Proof
cos(n+1)0 + cos(nh—1)0 = 2cosné coso

Tn+1(X) T Tn—l(X) — 2XTn (X)

T.(0=2XT,(0-T, (0, T()=1 T,(x)=x
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Chebyshev Series

To(x) =1
Tl(X) = X
T,(X)=2x* -1

T,(X) = 4x° — 3X

T,(X) =8x*—-8x* +1
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Chebyshev Seriesis More Economical

= Ontheinterval [-1, 1], approximating a
function with a series of Chebyshev
polynomials is better than with a Tayor series
as It has a smaller maximum error

= On aninterval [a, b], we have to transform the
function to trandlate the x-value into [-1, 1]

~ X—a
f(x)—> f(X e A— |
() (%) .
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Example: Economizing a Power Series

= Maclaurin seriesis Taylor series expansion of
a function about O W21 (T, +T))

= Maclaurin series of e

1
3__
) x> X x* x  x° X_4(T3+3T1)
e =1+ X+

e s S

= Approximated by a Chebyshev series

e=T,+T +; 1(T +T)+1 1(T +3T)+i4 l(T +4T, + 3T,)

ii(mT 5T, +-+) 1 L(lOT +15

1201 {0%10)
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Example (cont.)

= Maclaurin series of e truncated after 3rd
degree

e* =1+ X+

x> X x* x X

-t —F—F——F -
2 6 24 120 720

x> X

~1+ X+—+
2

= Chebyshev series of e* truncated after 3rd
degree
e =1.2661T, +1.1302T, + 0.2715T, + 0.0443T, +---

~ 0.9946 + 0.9973x + 0.5430x* + 0.1772x>
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Example (cont.)

= Error of Maclaurin series grows rapidly when
X-value departs from zero

"""" R EE il S h St Al S R R R

Egrr0|§' of M acl au:ri n serles
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Orthogonaliy of Chebyshev Polynomials

= Two polynomials p(x), g(x) are orthogonal on
an interval [a, b] If thelr inner product

< p,g>= f: pP(X)q(x)w(x)dx =0, w(x) >0

= Set of polynomialsisorthogonal if each
polynomial is orthogonal to each other

= Chebyshev Polynomials are orthogonal on
interval [-1, 1] with W(X) :1/ [1_ x2
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Verify Orthogonaliy of
Chebyshev Polynomials

= Example: p(x) = Ty(X), q(X) = T5(X)

< P00, () > [ 1 (4%~ 3x) ——

1-X
= Matlab code
m INt('(4* x*3-x)/sort(1-x*2)', -1 ,1)
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L east Squares Approximation using
Orthogonal Polynomials

= System of normal equations for a high-degree
polynomial fit isill-conditioned
= Fitting data with orthogonal polynomials such
as Chebyshev polynomials can reduce the
condition number to about 5
F(x) =a,T,(X) +aT,(X)+---+aT,(X)
(To(x) T(x) - T.)Ta] [
To(X) T(x) - T.06) & |V,

To(Xn) Ti(Xn) - T.(%) &) | Y]
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Rational Function Approximation

= Approximating afunction with a Chebyshev
series has smaller maximum error than with a
Taylor series

= We can further improve the maximum error
using rational function approximation

a, +a,X+a,x +---+a X"
f ~ =
()= R(¥) 1+bXx+bx* +---+b X"

N=n+m+1
= Padé approximation: n>m
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Padée Approximation

= Represent afunction in a Taylor series
expanded at x=0

» Coefficients are determined by setting
f0=R(X)  ¢-10O

I ||
a, +aX+ax +---+ax"
1+bx+bx*+---+b x"

(Co+CX+CX° +---+C X") =

and equating coefficients
aO:CO n+1_|_blC +---+D Cn—m+1:O

3, =bc, +¢,

: CN+blCN_1+-~+meN_m:O
a = men_m 4ot blCn_l +C, ical Methods © Wen-Chieh Lin 16




Example: Padé Approximation

= Find arctan(x) = R,4(X)
= Maclaurin series of arctan(x) through x° is

arctan(x) ~ x—%x3+1x5—lx7+1x9

57 779
= 1(X) = Ry(X)

O _ Bt aXx+ a,x° +ax> +a,x +ax’
1+ bx+b,x* +bx’ +b,x* +b.x°
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Example: Padé Approximation (cont.)

= Equating coefficients

1o atax+a,xX +axX +a,X +ax
1+ bx+bx? + b+ bx* + b
= X° through x*°

ib—1b, =0

—14+:b, —3b, =0
+30,—3

-7k, +3
03+i

Numeric




Pade Approximation vs. Maclaurin Series

= Padé Approximation x+ Lxe+ 2% x

= Maclaurin series

arctan(x) ~ VT TP I SV SN
3 ) !

9

Comparison ol Pade ipproximation to Maclaunn senes tor arctan 2

ITue Pade Maclaurin
value (Eq. 4.12) (Eq. 4.10)
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Pade Approximation vs. Maclaurin Series

arctan(x) ~ x—%x sy Ly lye

5 7 9  arctan(x)

""""" / /MaclaurlnserleS‘ o
[ | | i | 5
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Chebyshev-Padé Rational Function

= We can get arational function approximation
from a Chebyshev series expansion of a
function as well

= Example:
e =1.2661T, +1.1302T, + 0.2715T, + 0.0443T, + - --

s Wefirst form

1.2661T, +1.1302T, + 0.2715T, + 0.0443T, — 20 +1a1Tt1); 3,1,
+ 1

= Then expand the numerator and set the
coefficients of each degree of the T’sto zero
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» Recall that T (x) = cos(no)

cos(n@) cos(mo) = %[cos(n +m)6 + cos(n —m)0]

1
T (9To () =S [Ton(X) + T,y (X)]
= Apply the last equation to

1.2661T, +1.1302T, + 0.2715T, + 0.0443T, - Lo &l T &1,
1+bT,
= The numerator becomes

1.2661T, +1.1302T, + 0.2715T,, + 0.0443T,, + 1'2626]b1 (T,+T)

L 11302

02718, 0.04430
3 4

+T,)+

+T,)+

+T,)

=g tal+a,l,
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Equating the Coefficients of Each Degree

of T’sin Numerator
a+al +al, = 1966
1.2661T, +1.1302T, + 0.2715T, + 0.0443T, + — > 1 (T,+T)

1.1302 0.2715 0.0443
+ 2 (T, b (T, 2 (T,

+T,)+

+T,)+

+T,)

0.2715h,

8, =12661+ 219020 3 =11302+1.2661h +
2

113020 0.0443n
2

o« . L0BL7+0.6727T, +0.0799T, _1.0018+0.6727x +0.1598x’

1-0.3263T, 1-0.3263x

0=0.0443+ 22710

a, =0.2715+
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Chebyshev vs. Chebyshev-Padé Rational

Rational
function Frror

(YCKN)Y/
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Error Plot

W 1GE expOO-(1.001 8+0.6727 x+0.1598 x> ¥(1-0.3263 x)

LY

-
5 Y

hebyshe\zi/ Serires /“:

S S S S
7 : * :

" Pade-Chebyshev |
. fratlonalfunctlon ‘
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Fourier Series

= Representing a function as atrigonometric
series

f(x) ~ %+ 3" [A, cos(nx) + B, Sin(nx)]

= f(X) need be integrable so that the coefficients
can be computed
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Properties of Orthogonality

T 1 O, n=0
Lrsm(nx)dx =0 LT cos(nx)dx = {27?, 0

fﬂ sin(nx) cos(mx)dx = 0

00 nNn#m

j” sin(nx)sin(mx)dx={
T 7T, N=mMm

O, nNn#m

j 7; cos(nx) cos(mx)dx = {

B T, N=mMm
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Computing Fourier Coefficients
using Orthogonality

f () = %+ S [A, cos(nx) + B, sin(nx)]

_[; f(x)dx = rﬂ%dx+ grﬂ A cos(nx)dx + 2jﬂﬂ B. sin(nx)dx

=Ar+0+0 3}
| cos(m) f ()= % cos(mx)dx+ " " A, cos(nx) cos(mx)alx

+ Z_; _E B, sin(nx) cos(mx)dx
=0+Ar7+0

A== cosm)f(dx, m=12.
T ewieieee ... Js© Wen-Chieh Lin




Computing Fourier Coefficients
using Orthogonality (cont.)

f(x) = % +3[A, cos(nx) + B, sin(nv)]

fﬂ sin(mx) T (x)dx = rﬂ%si n(mx)dx + ifﬂ A cos(nx) sin(mx)dx

+ 3 [ B, sin(m)sin(mxdx

=0+B 7 +0

Bmzij” f(x)sn(mx)dx, m=12....
T YT
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Fourier Series for Periods other than 2 7

= Let the period of f(x) be P
= Consider that f(X) Is periodic in [-P/2, P/2]

= Change of variable y:X_/”
P/2

A, ==[ cosmqf(dx, m=12...

7T

2mmX

2 F>/2]c g B
. A“_Ej_p/z (X) cos( 5 )dXx, m=

Bmzij” f(x)sn(mx)dx, m=12...
T YT

2 (P2 ., 2MaX
= Bm:Ej_P/Zf(x)an( = )dx, m=12...
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Fourier Series for Periods other than 2 7

Ahcos( )+B sm(

)dx

2n7rx) dx
P
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Example: f(xX) =x, Xxin[-7, 7]
A, ==[ cosmqf(dx,  m=12...

7T

L e LS g
V[ —

T m m

B, == " f()sn(mdx,  m=12...
T 9

:ir sin(mx)xdx:i(x_cos(mx) —j — cos(Mx) dx)ﬂ
T dn m B

TT m

—2cos(mz) 2(-)™* . i
_ _ 2(-1)™
m m X~y s n(mx)
m=1
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Fourier Series for Nonperiodic Functions

= Chop the interval of interest [O, L]
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Fourier Series for Nonperiodic Functions

= Solution 1: make an even function by
reflecting the segment about y-axis, f(X)=f(-x)
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Fourier Series for Nonperiodic Functions

= Solution 2: make an odd function by reflecting
the segment about the origin, f(x) = -f(Xx)
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Properties of Even and Odd Functions

Product of two even functions is an even function
Product of two odd functions s an even function

Product of an even function and an odd
function 1s an odd function

if f(x)iseven j_LL f(x)dx:ZLLf(x)dx

if f(x)isodd | f(x)dx=0
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Fourier Series for Even Functions

2 (P2 2mmnx
A, :EI—P/Z f(x) COS(—)dX, m=12...

2 2MnX
— f X) CO 0)4
TR (X) S( )

_ %2 [ 100 cos(m—”x)dx

)dx
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Fourier Series for Odd Functions

2 (P2 2mzX
A, = EI—P/z f(Jcos(—=)dx,  m=12..
=0

2 (P2 2mnx
By =5 j_P/Zf(x)sn( )ax,

2 2MnX
— f X)sSIn 0)4
= [ fe0sn(= =)

1. ¢t ., MnX
ztsz f (sin(==)dx
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Example: Fourier Series of Nonperiodic
Functions—even extension

O O 1
f (%) = < X<
1 1<x<?2

2 L M7X
A = I-[O f(X) cos(T)dx

2 (2 M7X
= | f() cos(—=)dx =

2 (2
Ab=§jof(x)dx:1
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Example: Fourier Series of Nonperiodic
Functions—odd extension

0, O<xx<l1
f(x) = S XS
1 1<x<?2

2 L 117/ ¢
By == jo f () sin(=—)dx

B %E f(x)s Iﬂ(me()le . i{— cos(mr) + COS(%)}

mr

)
N7tX

L
v o oa o ouo < WEN-Chieh Lin

= cos(nyr) + cos(n—ﬂ)

n




